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1 Existential Definability with Addition and Bitwise
Minimum

For every R ⊆ Nn, integer base k ≥ 2, and Σk = {0, 1, ..., k − 1}, the k-ary
representations of vectors from R define a language LR ⊆ (Σn

k )
∗ in a natural

way. A relation R is called k-regular if there is a finite automaton A over Σn
k

that recognizes the language LR. The Büchi-Bruyère’s theorem [1] provides an
FO-characterization of k-regular sets: they coincide with the sets definable in the
structure ⟨N; 0, 1,+, Vk,≤⟩, where Vk(x, y) is true whenever y is the largest power
of k dividing x. As it was shown by Haase and Różycki [2], the ∃∀-formulas of the
corresponding language are expressive enough to define every k-regular set, but
the ∃-formulas are less powerful. They give necessary conditions of ∃-definability
in terms of densities of regular languages and, in particular, show that the set
of all natural numbers with binary representations from the language {10, 01}∗
is not ∃-definable. The following two questions immediately arise in connection
with these results: whether there is a “natural” k-regular relation R such that
every k-regular predicate is ∃-definable in ⟨N; 0, 1,+, R,≤⟩, and how can we
completely describe the expressive power of the existential k-Büchi arithmetic.

The first problem can be solved by using the techniques of Matiyasevich [4],
which were applied for arithmetization of Turing machines. Let &k be the binary
bitwise minimum operation of base k, where we assume that the natural number
of smaller bit-length is supplemented with a sufficient number of leading zeros.
Then we have the following existential FO-characterisation of k-regular relations.

Theorem 1 ([7]). For an integer k ≥ 2 every relation is k-regular if and only
if it is existentially definable in the structure ⟨N; 0, 1,+,&k,≤⟩.

For every word w = am...a0 ∈ Σ∗
k , denote by JwKk the integer amkm + ... +

a1k + a0, and for a language L ⊆ Σ∗
k define JLKk ⇌ {JwKk : w ∈ L}. We can

now construct an existential definition of J{10, 01}∗K2 in ⟨N; 0, 1,+,&2,≤⟩. In
our formula, the subscript 2 is omitted, the property “to be a power of 2” is
denoted by P2, and the binary function ∼ is an analogue of bitwise negation,
where the first argument specifies the bit-length of the result. We also use the
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binary predicate symbol ≼ for the masking relation such that x ≼ y ⇌ x&y = x.
The values of t, q0, q1, q2 for the case when x = 11001012 are given in Figure (a).
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2
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2
, x) ≼ 0 ∧ q2&x ≼ 0 ∧ q2& ∼ (

t

2
, x) ≼

q0
2

)
.

This formula describes the fact that the Σ2-NFA from Figure (b) accepts
the binary representation of x with some auxiliary leading zeros while reading
it from left to right. It is now easy to obtain a ∃-definition of J{10, 01}∗K2 in
⟨N; 0, 1,+,&2,≤⟩. We can even prove somewhat converse: every 2-regular set is
∃-definable in the structure ⟨N; 0, 1,+, J{10, 01}∗K2,≤⟩.

2 Existential Definability in Büchi Arithmetic

A characterisation of sets S ⊆ N that are existentially definable in k-Büchi arith-
metic ⟨N; 0, 1,+, Vk,≤⟩ relies on the quantifier-elimination techniques developed
by Semënov [5]. Having an existential formula, the bound variables are split into
ordinary and special variables for the powers of k. The desired characterisation
is based on the ordinary variable elimination procedure [6] and the following
fundamental result by Semënov [5, Theorem 5]: every set S ⊆ N is ∃-definable
in ⟨N; 0, 1,+, Pk,≤⟩ if and only if S can be represented as a finite union of sets
that are definable via expressions of the form v0w

∗
1v1w

∗
2v2...w

∗
nvnΣl,m,c, where

for every fixed l,m, c ∈ N, the pattern Σl,m,c specifies the set of all k-ary rep-
resentations of non-negative integers congruent to c modulo m with bit-length
divisible by l. Here we assume that Σ0,0,0 = {ϵ}.

In order to formulate the theorem clearly, define for positive integers l and
m a set of k-regular languages Cl,m as follows. This class contains the languages
{w} and w∗ for every word w ∈ Σk of length at most l, and the languages
Σl′,m′,c′ for every non-negative integers l′ ≤ l, m′ ≤ m, c′ ∈ [0..m′ − 1].
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Theorem 2 ([6]). A k-regular set R ⊆ N is ∃-definable in ⟨N; 0, 1,+, Vk,≤⟩ if
and only if there exist positive integers l and m such that R can be obtained by
a finite number of applications of concatenation and union to Cl,m.

This theorem allows us to make progress in solving the open problem by
Haase and Różycki [2, Conclusion] concerning decidability of the ∃-definability
property for the structure ⟨N; 0, 1,+, Vk,≤⟩. To apply the {·,∪}-representation
theorem by Hashiguchi [3, Theorem 6.1] and thus to answer this question in
the affirmative, we need to construct an upper bound on the integers l and m
depending on the number of states of a given Σk-DFA.

The language L ⇌ {10, 01}∗ provides another interesting example. Let L∁

denote the complement of the language L. It is easy to see that JL∁K2 is definable
by the expression

x ∈ (Σ0,0,0 ∪Σ1,1,0)11
(
Σ2,1,0 ∪ 0Σ2,1,0(1∪ 0)

)
∪Σ1,1,000

(
Σ2,1,0 ∪ 0Σ2,1,0(1∪ 0)

)
.

Since every set definable in ⟨N; 0, 1,+, P2,≤⟩ is existentially definable in this
structure, the set JL∁K2 cannot be defined here. These examples lead to the
following more general problem about the nature of existential definability in
Presburger arithmetic with some classes of k-regular predicates R: how can we
describe a hierarchy of classes of predicates between semi-linear and k-regular
with respect to the ∃-definability in ⟨N; 0, 1,+,R,≤⟩?

The techniques that are used in the proofs of Theorems 1 and 2 can be applied
to obtain definability and decidability results [6,7] outside of the k-regular world.
In my talk, there will be considered the structure ⟨N; 0, 1,+,&k,EqNZBk,≤⟩,
where EqNZBk(x, y) is true if and only if x and y have the same number of
non-zero bits in k-ary encoding, and the structure ⟨N; 0, 1,+, Vk, λx.k

x,≤⟩. In
both cases, the existential theories are decidable whereas the ∃∀-theories are
undecidable.
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